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Abstract. The asymptotic series for a partial propagator in a self-interacting field theory,
constructed from exact, particular solutions of the field equations, is shown to be Borel
summable except for singularities on the light cone. The source of the divergence of the
series is the occurrence of a term of the form {0]AL"2"* 1 4{727* 1|0>, where A{*’ are annihi-
lation and creation operators of the linear theory.

In recent years the technique of Borel summation (Whittaker and Watson 1927, Simon
1970, 1972, Graffi et al 1970) has been employed in the study of divergent series in
perturbation theory. In particular, the Rayleigh—-Schrddinger perturbation series has
been shown to lead to unique energy eigenvalues for an arbitrary anharmonic oscillator
through use of a generalized summability theorem developed by Graffi et al (1970). In
this paper this theorem is used to establish the boundedness of the Borel sum for a
partial propagator at points off the light cone. This propagator is constructed from exact,
particular solutions of the field equations in a self-interacting field theory (Burt and
Reid 1972, 1973).
The field theory considered here is described by the field equation

8,840 +m3p+i® = 0, (1)

Exact particular solutions of this field equation are (Burt and Reid 1973, Reid and Burt
1973) for a system of volume V,

G = YL+ ) 2)
where

Y = V248 exp( Fik . %) (3)

c= —1/8m? (4)

k.%=koxo—k.x (5)

ko = w, = (k*+m?)!? (6)
and

[AL7, AT) = 0,04 4. (7)
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Using these solutions a series for the partial propagator can be found. The result is
Pe=y) = [ @hof ;a0 96,1030~ 3o
+ <019k (1)) 10>0(y0 — x,)]

- I:(cl)z" —(2n+2 2,2 _v2
S e e

XAF(x—y;(2n+1)2m2)} (3)

where A is the Feynman propagation function (Bjorken and Drell 1965). The series
has singularities on the light cone due to the presence of Ap. At points off the light cone
it is a simple matter to show that this series is asymptotic in (x, — y,, x —y) = (t, #). The
argument will be illustrated for space-like intervals, where Ap can be written

Ar =~ ZKo[2n+ 1mo]

2Q2n+ yme
i

-1/2
—(2n%r)? r( ) exp[—(2n+ )ma), c>»0 9)

with
o= (r*—t3)'2, (10)
K, is the Bessel function of the second type with imaginary argument (Watson 1944).
For arbitrary n the largest term arises from the 2n-fold differentiation of the exponential.
This gives approximately
P, ~ (= 1YQ2n+ 1)!2n+1)"32(Emra ™) 3 (cAt|]V ~ 1o~ 'm)*" exp[ - (2n+ 1)ma). (11)

Thus, for fixed ¢, P, grows approximately as (2n—1)!, while for fixed n P, vanishes for
large o. For timelike intervals the argument is similar, with P, vanishing approximately
as ¢~ 2" for fixed n. Consequently, the propagator is represented by an asymptotic series.

Now, it is evident that the presence of the factorial is responsible for the divergence
of this series. The source of this term may be found by examining the expression for the
propagator given in equation (8). The term (0|¢}"(x)d'X(»)I0) is calculated using the
exact solutions of field equations given in equations (2){7). Suppressing the space-time
dependence the vacuum expectation value

0|4 (1 +caAiT?) ™ AT (1+cAATH 70D
must be calculated by expanding in series. This leads to terms of the form
COALTPm 1 AT H0Y = 8, 0"t 20+ 1)! (12)
The coefficient of this term is essentially determined by the series expansion for

(14+cra 3!
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—that is, by the functional form of the solution. In a linear field theory a term such as
this might arise from a (2n+ 1) particle intermediate state—but there the state [2n+1)
would contain the normalization factor [(2n+1)!]7'/2, In the nonlinear field theory
there is no compensating term, but the (generalized) Borel summation technique can
provide it.

Using the generalized Borel transform P may be written formally

P C"f do f dp exp(—p'/2)(dp)™ 1 12p"
0 0

T & (2n)!

x[(2n+1)*m?—V2]"r~ 1—;—" exp[ —(2n+ 1)mo cosh @) (13)

where a standard generating function for K, has been introduced (Watson 1944) and
C,= —Qn+Dlin~HcAV " 1)2"(2n+ 1)+ 2), 14)

While explicit evaluation of the differential operation is lengthy—the term is bounded,
SO we may write
P~y O f d¢ f dp exp(—p'/?)(4p)~ 2 p"{[(2n+ 1)*m? — 6~ 2r*M(2n + 1)?

n=0 (2m)! Jo 0

x m* cosh?¢]"(2n + 1ym cosh ¢o~ ! exp[—(2n+ 1)mo cosh ¢]}

= fm do on dp (4p)~ 1% exp(— p'/*)m cosh ¢po ™! exp(—ma cosh ¢)D  (15)
0

(4]
where

D = {[t*+r*M cosh’¢ —1)]o~ 2(cAmV ~')2p exp(—2ma cosh ¢)+1} 71, (16)
with
M>1 (17)

Now, the expression D provides an analytic continuation of the series in p with a pole on
the negative real p axis for ¢ > 0 and real ¢. Consequently the integrals in p and ¢ exist.
An upper bound can be established, for example, by replacing D by unity and evaluating
the integrals in equation (16). Similar results can be obtained for time-like intervals.

Thus, application of the generalized Borel summation technique removes the diver-
gence in the partial propagator in the field theory described by equations (1)<8) at
points off the light cone. The same method may be used to establish bounds on propaga-
tors for theories in which the ¢* interaction is replaced by ¢?2*!, g # 0, — 1, for which
exact solutions are also known (Reid and Burt 1973). These results will be discussed
elsewhere.

References

Bjorken J D and Drell S D 1965 Relativistic Quantum Fields (New York: McGraw-Hill)
Burt P B and Reid J L 1972 J. Phys. A: Gen. Phys. 5 L88

—— 1973 J. Phys. A: Math., Nucl. Gen. 6 1388

Graffi S, Grechi V and Simon B 1970 Phys. Lett. 32B 1631



Borel summability of a partial propagator 359

Reid J L and Burt P B 1973 J. Math. Anal. Appl. in the press
Simon B 1970 Phys. Rev. Lett. 28 1583

—— 1972 Phys. Rev. Lett. 28 1145
Watson G N 1944 A4 Treatise on the Theory of Bessel Functions (Cambridge: Cambridge University Press)
Whittaker E T and Watson G N 1927 4 Course of Modern Analysis (Cambridge: Cambridge University Press)



